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This paper is concerned with the theoretical treaiment of transient thermoelastic problem involving an 

angle-ply laminated cylindrical panel consisting of an oblique pile of layers having orthotropic material 

properties due to nonuniform heat supply in the circumferential direction. We obtain the exact solution for 

the two-dimensional temperature change in a transient state, and thermal stresses of a simple supported 

cylindrical panel under the state of generalized plane deformation. As an example, numerical calculations are 

carried out for a 2-layered angle-ply laminated cylindrical panel, which is heated from inner surface. Some 

numerical results for the temperature change, the displacement and the stresses in a transient state are shown 

in figures. Furthermore, the influence of the radius ratio on the temperature change, the displacement and the 

stress distributions are investigated. 
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1 . Introduction 

Anisotropic laminated composites have been used in various 

industrial field as structure materials. When such anisotropic lami-

nated composites are used under high temperature environments, 

it is known that the material characteristic of the lamina and 

stacking sequence have a great influence on thermomechanical 

behaviors such thermal stress and thermal deformation. And 

one of cause of damage in these laminated composites includes 

delamination. In order to evaluate this phenomenon, the thermal 

stress analysis taking into account the transverse stress 

components is necessary. In addition, a transient thermal stress 

analysis as well as a steady thermal stress analysis becomes 

important, because maximum thermal stress distribution occurs in 

a transient state which lasts from the beginning of the heating to 

the steady state. Therefore, we recently analyzed exactly the three-

dimensional transient thermal stress problem of cross-ply lami-

nated rectangular plate due to partial heating [ I] and the transient 

thermal stress problem of angle-ply laminated strip due to 

nonuniform heat supply in the width direction [2] taking into 

account all transverse stress components. However, these studies 

discuss the problem in rectangular coordinates. On the other hand, 

an anisotroric cylindrical panel is a typical structure element to 

produce curved structures such as aircrafts, spacecrafis, pressure 

vessels and so on. Therefore the thermoelastic problems of 

anisotropic cylindrical panel with curvature are important as well 

as those of plate models in the design board. Though there are 

several exact analysis for the isothermal problems of anisotropic 

laminated cylindrical panel [3-7], there are only a few exact 

analyses concerned with the thermoelastic problems of anisotropic 

laminated cylindrical panel taking into account transverse stress 

components. For example, Huang and Tauchert treated exactly a 

cross-ply cylindrical panel [8] and a doubly-curved cross-ply 

laminate [9] with simply supported edges as a three-dimensional 

thermoelastic problem. Zenkour et al. [ lO] analyzed thermoelastic 

problem of composite laminated cylindncal panel using a refined 

first-order theory under several boundary conditions. These 

papers, however, treated only the thermal stress problems under 

the steady state temperature disinbution that is linear with respect 

to the thickness direction. To the authors knowledge, the exact 

analysis for a transient thennal stress problem of anisotropic 

laminated panel under two-dimensional temperature distribution 

has not been reported. 

In the present article, we consider an angle-ply laminated 

cylindrical panel with simply supported edges due to a nonuniform 

heat supply in the circumferential direction. We analyze exactly 

the transient thermal stress and theunal deformation of the 

laminated cylindncal panel as a generalized plane deformation 

problem taking into account all transverse stress components. The 

exact thermoelastic solution obtained in this article, will become 

effective to verify the accuracy of various laminated shell theories 

and approximation methods. 

2. Analysis 

We consider an infinitely long, angle-ply laminated cylindrical 

panel composed of N Iayers as shown in Figure I , the angular 

length of the side in the circumferential direction of which is 

denoted by eo. The panel's inner and outer radii are designated a 
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and b, respectively. Throughout this article, the index i (= I , 2, ･ ･ ･, 

N) is associated with the i th layer of a laminated cylindncal panel 

from the inner side. It is assumed that each layer maintains the 

orthotropic material properties and the fiber direction in the i th 

layer is alternated with ply angle ci to the z axis. 

2.1 Heat conduction problem 

We assume that the laminated cylindrical panel is initially at 

zero temperature and is suddenly heated from the inner and 

outer surfaces by surrounding media with relative heat transfer 

coefficients h~ and hb. We denote the temperatures of the surround-

ing media by the functions T~f~ (e) and Tbfb (e) and assume its 

end surfaces ( e = O, e o) are held zero temperature. Then the 

temperature disinbution shows a two-dimensional distribution in r 

- 

 plane, and the transient heat conduction equation for the 

i th layer and the initial and thermal boundary conditions in 

dimensionless form are taken in the following forms : 

6T, Ic.i ( 6p2 ~~ i¥~6 T ~T 1 6T)+ Ice, 62T, 
p ap T 66.2 ; i=1-N (1) 

ar 

T=0; Ti=0;i=1 N (2) 
6 T1 

~; 6p ~H.T HTfi(6) (3) p=a 

p = R, ; T* = T,+1 ; i = 1-(N- 1) (4) 

- T. - 6T,+1 ;i= l-(N-1) (5) p R ~.i 6~ ~ - '+1 p 
6 T1 

p = I ' +HbTN= HbTbfi(a) (6) ' ap 

0=0 60' T*=0 , , ; i = 1-N (7) 
where 
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/c.*=;~T*' /Ca'=1~L, sin2 c, +~T* cos2 c,, ~.,=~T' (8) 

In expressions (1)-(8), we have introduced the following 

dimensionless values : 

- - - T, T~ Tb) (r,ri,a) (T*. T~, Th) = ' ' , (p. Ri, a) = 

(/cri !cei ICLi /c7T) 

(!e.i, Ice*, ~L,. ~7T) = ' ' ' ' 
!eo 

(~.,. ~n) = (~.,~:n), r b2 ' (H.. Hb) = (h., hb)b (9) /co t 

where T, is the temperature change of the i th layer ; Ic.* and lce' are 

thermal diffusivities in the r and e directions, respectively ; ~.i is 

thermal conductivity in the r direction ; t is time ; and To , /co , and 

~ o are typical values of temperature, thermal diffusivity and 

thermal conductivity, respectively. In Eq. (8), the subscripts L and 

T denote the fiber and transverse directions, respectively. 

Moreover, r*(= l, 2,･･･, N- l) are the coordinates of interface of 

the laminated cylindrical panel. 

Introducing the finite sine transformation with respect to the 

variable 6 and Laplace transformation with respect to the variable 

T, the solution of equation (1) can be obtained so as to satisfy the 

conditions (2)-(7). This solution is shown as follows : 

T,=~ T,k(p, r)sin qk6 ; i = l-N (lO) 
*=1 

where 

T,k(p, T) = 
[; ~ , ~ o ~(A, pl' +B,'p~") 

= exp(-fl~ T) + ~ J {A,J.,(~,/lJ p)+BiYT,(~ikeJ p)}J 
l =~ !lJ A'(!lJ) 

(1 l) 

where J1( ) and Y.( ) are the Bessel function of the first and 

second kind of order 7 , respectively ; A and F are the deter-

minants of 2N X 2N mainx [akl I and [ek! l' respectively ; the 

coefficients Ai and Bi are defined as the determinant of the matrix 

similar to the coefficient matrix [ak!]' in which the (2i - l)th 

column or 2ith column is replaced by the constant vector {ck}, 

respectively ; similarly, the coefficients A,' and B,' are defined as 

the determinant of the matrix similar to the coefficient matrix 

[ekl]' in which the (2i- l)th column or 2ith colunm is replaced by 

the constant vector {ck}, respectively. Furthermore, the nonzero 

elements ak! and ck of the coefficient matrix [ak!] and the constant 

vector {ck} are given as follows : 

rl 
all= ~l/l J.,+'(~,/ta) + (H~-~f) J1'(~lfta), 

al2 ~ /lY7+1(~ /la) + (H~-lL) Y.,(~l/ta) 
~
t
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1 Analyiical model and coordinate system 

T-O 

a2N 2N-1 = (Hb + rN) J7^ ( ~N/1) - fiN!1 J1'+ I (~N'I)' 

a2N2N (H +y ) Y (~N,1)-~N/lY7~+1(~Nll)' 

a2i' 2i_1 = J1'(~i flRi), a2i' 2i= YT,( ~i!lRi), 

a2i' 2i+1 = ~ JT,+1 ( ~i+1 /lRi), a2i' 2i+2 = ~ Y7'+1 ( ~i+1 /lRi), 

l - 
{il ' ' ~ iJ (~flR) ~/lJ1+1(~flR) a2i+1' 2i-1 = ~.i i 

R
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*- i , 
}
,
 

,-~~fy,YT,(fi,/lR) ~/lY1+1(fiftR) 
a2i+1' 2 ~ 

l R, 

= - 
*
,
 
{
 

a2i+1= 2i+1 ~ 7i+1 l Jr-' ( ~i+ I // Ri) - ~i+ I fl JT,.,+ I ( ~i+ I // Ri) f ' 
+1 ' Ri 

= ~ a2i+1'2i+2 ~~ 7i+1Y (~+1'1R) ~+1 
i - 

 /lYr-=+1(~i+1/lRi) 

+1 " i 
; i = l-(N- I ) (12) 

cl = H.T~f. (q), c2N = HbTbfb (q) (1 3) 

On the other hand, the element ek, of the coefficient mainx [ek]] is 

omitted here for the sake of brevity. In Eq. (13), q represents the 

parameter of finite sine transformation with respect to the variable 

e and a symbol ( ~ ) represents the image function. In Eqs. (10) 

and (ll). A(/lj), qk, ~i and 7i are 

=1~ d
 
A
 

= 
// l~=a , k7T 1

 A: (llj) ~i=- qk (14) 7
i
 , qk=T' f~;' ., 

and /lj represent the j th positive roots of the following tran-

scendental equation 

2.2 Thermal stress analysis 

We now analyse the transient thermal stress of an angle-ply 

laminated cylindrical panel with simply supported edges as a 

generalized plane deformation problem. In each layer of the 

laminated cylindrical panel, the fiber direction, the in-plane 

transverse direction and the radial direction are denoted by L. T 

and R, respectively. Each layer has orthotropic material properties 

between the fiber-reinforced direction and its orthogonal direction. 

Applying the coordinate transformation rule to stress-strain 

relations for the i th layer, stress-strain relations for the global 

coordinate system (r, e, z) are : 

(T Qll Q]2j Q13' O O Q16' e*i-Z~.,T, 
gee Q12 Q22 ~23i O O Q26' eeei~ae,T 
(T Q13 Q23 Q33i O O Q36i ~_,-~riT 
(T.ei O O O Q44 Q4s* O ~ (16) y.e, 

(T*i O O O Q45 Q5si O ~ y*, 
ge Q16 Q26 Q36i O O Q66' 7e.i ~ ae.iT, 

where 

Qlli = m f Qlli+ 2m~n~(Ql2i+ Q66i) + n~ Q22i ' 

Ql2i = m ~ Ql2i + m~n~(Qlli + Q22i ~ 2Q66i) + ntQl2i ' 

Q13i = m~Ql2i+n~Q23i ' 

Q16 m n {m (Q11 Q12 Q66 )+n (Q12i~ Q22 + Q66i) ' ~2'2i = m~~22i+2m~n~(~i2i+ ~66i) +nf~1li' ~ ' ~ 

 

~23i = n~Q]2i + rdQ23i ' 

~2'6i = mini{m~(~l2i~ ~22i+ ~66i) + n~(~lli~ ~12i~ ~66') ' }
 Q36i = mi ni(Ql2i ~ Q23i)' 

Q~i = (m~Q44i+ n~Q55i)/2, 

Q4'sf = mini(Qs5i~ Q44i)/2, 

Qs5i = (n~Q44i + m?Qs5i)12, 

~66i = m~n~(~lli+ ~22i~2Q12 Q66 ) +(m +n )Q66 12 

Q33i = Q22i (17) ~.i = m~~~Li+n~ctn' Z:~ei= n;aLi+m~Z~T~' Zi;ri= aT~' 

~e'i = 2mini(~Li- aT~)' mi= cOSci' ni= sinci (1 8) 

In expressiOns ( 1 6)-(18), the fOlIOWing dimensiOnless values are 

intrOduced : 

O:k!i 

Uki* 

oEOTO 
(~k'i , Tkli) = 

(~k!i, yk!~ 

,
 

(~ a ki, .) ~ ei ~ 
(a*i ' aL~i) 

i, ') (Q i 
Q
 
=
 

kl k' 

(Qkli , Qk'!i) 

aoTO ao 
,
 

Eo (19) 

where akl' are the stress components, ek!' are the strain tensor, 7kli 

are the engineering shear strain components, ak* and a e.i are 

the coefficients of linear thermal expansion. Qkli are the elastic 

stiffness constants. Qk!i are the transformed elastic stiffiless 

constants, and o~ and E; are the typical values of the coefficient of 

linear thermal expansion and Young's modulus of elasticity, 

res pectively. 

Next, we assume the displacement components for the global 

coordinate system in the following forms : 

u~= u.,(p, e), ilei= ~le*(p, e), u.,= u.,(p, e) (20) 

where u.i , ue* and u.i are the dimensionless quantities of dis-

placements in the r, e and z directions, respectively, and the 

dimensionless values introduced in Eq. (20) are given by the 

following relations : 

(u ue u.i)=(uri' ue,, u.,) (21) 
aoTob 

Taking into account Eq. (20) and substituting the displacement-

strain relations and Eq. (16) into the equilibrium equations, the 

displacement equations of equilibrium are written as 

Q33 (u ,pp+p u ) p (Q22iu,i Q' ~ ) ~ 4iu.i,ee 
+(Q23i+Q~i)p~1uei'pe~(Q22'+Q44)p ue e 
+ (Q36 + ~45i) p~ I u.i , pe ~ Q26i p~2 u.i , e 

= .,T', ~ + ( ~rt ~ ~(?~ p~ IT' (22) 
(Q44 + Q23i) p~1 u~,i , pe + (Q~i + Q22i) p=2 u.i , e 

+ Q~i ( p~1 uai , p~ p~2 uei + ilei ' pp) + Q22i p~2 ~lei ' ea 

+ Q45i (u.i , pp + 2 p~ I u.i , p) + Q26i p~2 u.i , ee = p~ I ~eiT, , a (23) 

(~36i + ~45i) p~ I u,i , pe + ~26ip~2 u,i , s + ~45i ~lai ' pp + ~26ip~2 uei ' ee 

'i ~2u.i,ee=p~l~e~iT,,e (24) +Q55i(u.i,pp+p u,,p)+Qeep 

where 

~.* = Qll a +Q12 ae +Q13 a +Q 6 ae 

~ei = Q12'~~., + Q22iaei + Q23*~" + Q26iae.i , 

~ri = QI3i~~=, + Q23*~ei + Q33iZ~. + Q36i~e~i , 

~e.i = Ql6ia" + Q26'~;ei + Q36ia'* + Q66*~~e~i (25) 

In Eqs. (22)-(24), a comma denotes partial differentiation with 

respect to the variable that follows. The boundary conditions of 

iuner and outer surfaces and the conditions of continuity on the 

interfaceLcan be represented as follows : 

p= a ; a-] = O. (T.e] = O, ~*1 = O, 

p= I ; O_N= O, U.eN= O, a*N= O, 

p= Ri ; a..i= a-, i+1 , cr.ei= a.e, i+1 , (T*i= a~, i+1 , 

uri= u.,i+1 , ~Te'= ~Te, i+1 , u~.i= u., ,+1 (26) 

The most general edge condition that the both edges are supported 

is a simply supported condition. We now consider the case of a 

simply supported panel given by the following relations : 

6= O, eo; ~ee'= O, ~Fe.*= O, u~'~"= O (27) 
We assume the solutions of Eqs. (22)-(24) in order to satisfy Eq. 

(27) in the following form. 

u.,= ~ U..ik(p)+Urpik(p) sin qk6, 
{
 
}
 k=1 
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~lei= ~ Ue'ik(p)+ Uepik(p) COS qk6 , 

k=1 

{
 

}
 

u.,= 

 {U..ik(p)+ Upk(p)}cos q e (28) 

In expressions (28), the first term on the right side gives the 

homogeneous solution and the second term of right side gives the 

particular solution. We now consider the homogeneous solution 

and introduce the following equations. 

(29) p = exp(s) 

(U..ik. Ue.'k. U..*k) = (U~,k. Ug.,k. U~*k)exp(~,s) (30) 

Substituting the first term on the right side of Eq. (28) into the 

homogeneous expression of Eqs. (22)-(24), and later changing a 

variable with the use of Eq. (29), the condition that non-trivial 

solutions of (U~.,k . U~.ik . U~.,k) exist leads to the following 

equation. 

p,3 + d,pi + f = O (31) 

where 

B(i) 3A(i) C(i) + (B('))2 J
 

p,=~ 3A(') ' d,= 3(A(i))2 

f - 2(B(~)3+9A iBiC(i 27D(~(A(i))2J , 
=
[
 

, () () ) , 
27(A(i))3 

A(i) = Q33'[Q55'Q44 (Q4'5 )2] 

B( ) qk Q55 [Q33 Q22 (Q2'3 )2] + q~~~i[~33i ~66i ~ (~3'6i)2] 

+ (Q33 + Q22 2qk Q23 )[Qss Q~i - (Q45i)2] 

2qk Q45 (Q33 Q26i ~ Q23i Q36i)' 

C(i)= [qk4Q36i + 2qk2(qk2 ~ 1)Q4si](Q22i Q36i ~ Q23i Q26i) 

~qk Q33{Q22 Q66 ~ (Q2'6)2]+q (Q23i+2Q44)(Q23 Q66 - Q36 Q26) 

= 
22i (qk2 ~ I )2[Qssi Q~i- (Q45i)2] 

+ qk Q44 [(Q36 ) + (Q2'6 )2 ~ Q33i Q66i ~ Q22i Q66i]' 

D(i) = qk2(qk2 ~ I )2~~i[~22i ~66i- (~26i)2] (32) 

We now introduce the following expressiOn' 

H- f2 + d'3 (33) ' 4 27 

From Eq. (3 1), there might be three distinct real roots, three real 

roots with at least two of them being equal or a real root in 

conjunction with one pair of conjugate complex roots depending 

H, being negative, zero or positive, respectively. For instance, 

U~~t(p). Ue.,k(p) and U..*k(p) can be expressed as follows when 

H,< O : 

U*,k(p) = ~ U.J.=k(p), Ue.,k(p) = ~ UeJ.,k(p), 

J=1 

U..ik(p) = ~~2J U~ik(p) 

J=1 

where 

U~ik(p) = F~.,) p""+ S(o p~"". 

J=1 

Ue~,k ( p) = Lk~! (mJ~)F('J) p~~ + Lk~/(~ mJi)S(J') p~"", 

U~,k ( p) = R~J(mJi)F~.:;~ p"" + R~J (- mJ~)S(~) p~~, 

mJ 
,~: ifp'J+~~5>0 B(') 

U~*k(p) = J~~.,)cos(mJ~ In p) + S(i)sin(mJT In p), 

Ue~t(p) = {Re[LkiJ(jmJi)]cos(mJ~ In p) 

- 
m[LhJ ( jmJ;)]sin(mJi In p ) }F"~) 

(34) 

(35) 

+ {Im[L*,'( jm*)]cos(m' In p) 

+ Re[L~J( jm*)]sin(m~ In p )} S(') 

U.~**(p) = {Re[R~J(jm')]cos(m' In p) 

- m[Rh' ( jm')] sin(m' In p )}F(~ 
+ {Im[Rk,'( jm')]cos(m' In p) 

+ Re[RhJ ( jmJ')] sin(mJi In p )} S('Jo 

mJ 
~ ifp'.+3At)<0 B(') 

In Eqs. (35) and (36), 

1
 

(36) 

Lk~J(x) - k'J(x) { Q33 Q4s (x +x )+[Q33 Q26 qk 

+ Q45i (Q22i + qk2Q~') - q~(Q36i + Q45i)(Q~i + ~23')]x2 

+ [~45' (~22i + qk2~~i) + qk2~26' (~~' + ~23') 

~ 
~(Q22' + Q~')(Q36i + Q45i)]x + Q26i Q44' qk2( I - q~)} , 

1
 
-RkiJ(x) = {Q33 Q44 x + [q (Q23 + Q44 ) ~ ~33i(qk2~22'+ ~~i) 
lhJ(x) 

- 
~i (~22i + qk2Q~')]x2 + ~22' ~~i ( I - q*2)2} , 

lkfJ(x) = qk {(Q36' Q~' - Q23i Q4si) x3 + (Q22* Q45' ~ Q23i Q45' 

~ 
26i Q4*i) x2 + [qk2Q26' (Q23i + Q~i) + Q45' (Q22i + Q~') 

~ Q36' + Q45i)(q~Q22i + Q~*)]x + Q26i Q~ i ( I - q;)} (3 7) 

In Eq. (36), j, Re[ I and Im[ I are imaginary unitj=f~T real 

part and imaginary part, respectively. Furthermore, in Eqs. (35) 

and (36). F~') and SL') are unknown constants. The case of H,= O or 

H* > o is omitted here for the sake of brevity. 

In order to obtain the particular solution, we use the series 

expansions of the Bessel functions. Since the order ri of the 

Bessel function in Eq. (1 l) is not integer in general except c*= O, 

Eq. (11) can be written as the following expression. 

T,k( p , T ) = ~ [a~i (r) p2~+', + b~, (T) p2~~',] (38) 

Expressions for the functions a~*(1) and b~i(T) in Eq. (38) are 

omitted here for the sake of brevity. Urp*k (p). Uepik (p) and U.*k 

(p) of the particular solution are obtained as the function systems 

like Eq. (38). 

Then, the stress components can be evaluated by substituting 

Eq. (28) into the displacement-strain relations, and later into the 

stress-strain relations. The unknown constants in Eqs. (35) and 

(36) are determined so as to satisfy the boundary condition (26). 

3. Numerical results 

To illustrate the foregoing analysis, we consider the angle-ply 

laminated cylindrical panel composed of alumina fiber reinforced 

aluminum composite, with the following properties [1 I] : 

lcL= 41.1 X l0~6 m2/s, /~r= 29.5 X 10~6 m2/s, 

aL= 7.6x 10~6 l/K, ar= 14.0X l0~6 llK, 

~L= 105 WlmK. ~T= 75 WlmK. EL= 150 GPa. ET= 110 GPa, 

GLT= 35 GPa, GTT= 41 GPa, vLT= 0.33, vTT= 0.33, vrL= 0.242 

(3 9) 

where G and v are the shear modulus of elasticity and Poisson's 

ratio, respectively. We assume that each layer of laminated 

cylindrical panel consists of the same orthotropic material, and 

consider a 2-layered anti-symmetric angle-ply laminated 
cylindrical panel with the fiber orientation (cb , - ~)) and the same 

thickness. The thermal and mechanical behaviors when the 

laminated cylindrical panel is heated from an inner surface are 

different to those when the laminated cylindrical panel is heated 
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from an outer surface. Here we assume that the laminated cylindri-

cal panel is heated from the inner surface by surrounding media, 

the temperature of which is denoted by the symmetric function 

with respect to the center of panel (e= e0/2). The numerical pa-

rameters of heat conduction and shape are presented as follows : 

H~=Hb= 5.0, T~= l, Tb= O, e0= 90', ~= 0.5-0.8, c0= 60', 

fi(e) (1 e2/e2)H(e le'l), e'=e-e0/2, O~=15' (40) 

where H( ) is Heaviside's function. The typical values ofmaterial 

properties such as /co , ~o , ao and Eo , used to normalize the 

numerical data, are based on those of fiber direction. 

The numerical results for radius ratio Zi = 0.7 are shown in 

Figures 2-7. Figure 2 shows the results of temperature change. The 

disinbution in a transient state (T= O.Ol) is shown in Figure 2(a) 

and the distribution in a steady state (r=oo) shown in Figure 2(b). 

As shown in Figure 2, the temperature rise can clearly be seen in 

the heated region. Figure 3 shows the variation of the thermal 

displacement u, on the heated surface. As shown in Figure 3, the 

absolute value of thermal displacement u, rises as the time 
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(p= a, ~= 0.7) 
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Figure 2 Temperature change (~i = O.7) 

(a) distribution in a transient state (r= 0.01) 

(b) distribution in a steady state (T=0e) 

Figure 4 Variation of thermal stress ~ee in the radial direction (e = ~)12, 

eT= 0.7) 
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proceeds and has a maximum value in the steady state. Figure 4 

shows the variation of the normal stress ~e~ in the radial direction 

at the midpoint of the panel. From Figure 4, discontinuities of 

stress occur on the interface (p= O.85). In order to valuate the 

phenomenon of delamination, it is necessary to focus attention on 

the transverse stress components. Figure 5 shows the variation of 

the normal stress ~~. The variation on the interface is shown in 

Figure 5(a) and the variation in the radial direction at the midpoint 

of the panel is shown in Figure 5(b). As shown in Figure 5, it can 

be seen that the stress variation becomes significant with the 

progress of time and maximum tensile stress occurs at the 

midpoint of the panel and near p=0.88 in side of panel in a 

transient state. Figure 6 shows the variation of the shearing stress 

~_. The disinbution in a steady state is shown in Figure 6(a) and 

the variation on the interface is shown in Figure 6(b). Since the 

shearing stress ~* is anti-symmetric with respect to O = 45' under 

the condition of Eq. (40), Figure 6(a) shows the range O - 45'. 

From Figure 6(a), it can be seen that the shearing stress ~* shows 

the maximum value on the interface. As shown in Figure 6(b), the 

value of shearing stress ~F* rises as the time proceeds and has a 
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(a) variation on the interface (p = 0.85) 

(b) variation in the radial direction (e = 6,/2) 

Figure 6 Thermal stress ~*(~ = 0.7) 

(a) distribution in a steady state (T==) 

(b) variation on the interface (p= 0.85) 

Int. J. Soc. Mater. Eng. Resour. Vol.1 O, N0.1 , (Mar. 2002) 

Akita University



Transient Thermoelastic Problem of Angle-Ply Laminated 

Cylindrical Panel due to Nonuniform Heat Supply 

47 

1
 
o
 

IH 

0.5 

0.4 

0.3 

p
 

o
,
 
9
 

o
,
 
8
 

o
,
 
7
 

T =0 . O 1 

o
 

-o . 002 
-O , 004 

o . 004 

0･006 

o . oo 

0.2 

0.l 

o
 

,
 

'
¥
 
t
 ¥
 

? =oo 
e = a 0/2 

¥
 lb

 ¥
 '

L
 ¥ 

IIII, 

,, 

"I,I 

¥ ,, 

N
 
L
 
¥
 

¥ 

~
 
¥
 
¥
 
¥
 
¥
 
¥
 
¥
 
¥
 
¥ 

¥ ¥. 

¥ 

0.5 

o
 

0.6 0.7 0.8 0.9 
p
 

1
 

o
 

IL :: 

-O . 1 

o
 

1
5
 

3
0
 
e
 

['] 45 

-o . 2 

o . 008 

-0.3 

-0.4 

o . 006 

o . 004 
i
 
/
 

.,,. 
i
'
 '
l
 " / / 

.P 
.~ 
'L¥ 
~¥ 
~
I
 ~ ¥ 

e =30' 

-0.5 

-0.6 

E~] 

, / 

O . 002 

(b 

lO 
O
 

~~. ~c 

¥¥ ¥ ,,t 
'I. 

T =co 
e = e 0/2 

-O . 002 

-o . 004 

-o . 006 

'
L
 ¥ 
'
b
l
 

IL 

¥ 

/ / 
,,, ,, 

/ 

,~, 

/ / 

d"~ 

/ / 

It "I - 
.
'
 '! 

.If'! 

-'/ 

, 

0.7 0.8 0.9 
p
 

Figure 7 Thermal stress ~.e(~~ = 0.7) 

(a) distribution in a transient state (r= 0.01) 

(b) variation in the radial direction (e= 30" ) 
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Figure 8 Influence of radius ratio ~ 

(a) temperature change (e=e0/2, r=OO) 

(b) thermal displacement u.(e=00/2, T=Oe) 

(c) thermal stress Z~*(e= 30' , r=eo) 
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maximum value in a steady state. Figure 7 shows the results of the 

shearing stress ~,e . The distribution in a transient state (T= O.O1) 

is shown in Figure 7(a) and the variation in the radial direction at 

the edge (6= 30' ) of heated region is shown in Figure 7(b). Since 

the shearing stress ~,e is anti-symmetric with respect to e= 45' as 

same as the shearing stress ~*, Figure 7(a) shows the range O -

45' . As shown in Figure 7(a), it can be seen that the maximum 

stress occurs near 6 = 30' in side of panel. From Figure 7(b), it 

can be seen that the shearing stress ~.e shows the maximum value 

near p=0.75 in a transient state. 

In order to examine the influence of the radius ratio a , the 

variations of temperature change, thermal displacement u, and 

thermal stress ~* in a steady state are shown in Figures. 8(a), 8(b) 

and 8(c), respectively. Figures. 8(a) and 8(b) show the variations 

in the radial direction at the midpoint of the panel, and Figure 8(c) 

shows the variation in the radial direction on the cross section e= 

30' . It can be seen from Figure 8, that the absolute values of 

T, u,and ~* increase when the radius ratio a increases. 

4. COncIUSions 

In the present article, we obtained the exact solution for the 

transient temperature and transient thermal stresses of an 

angleply laminated cylindncal panel with simply supported edges 

due to a nonuniform heat supply in the circumferential direction. 

Numerical calculations were carried out for a 2-layered 

antisymmetric angle-ply laminated cylindrical panel composed 

of alumina fiber reinforced aluminum composite, which is heated 

from the inner surface. Though numerical calculation were carried 

out for a 2-1ayered anti-symmeinc angle-ply laminated cylindncal 

panel which shows a characteristic of fiber orientation angle 

clearly, numerical calculation for hybrid laminated cylindrical 

panel with an arbitrary number of layer and arbitrary fiber 

orientation angles can be carried out. Moreover, transverse 

shearing stresses and normal stress in the radial direction, which 

are considered to induce delamination on the interface of each 

layer, are evaluated precisely in a transient state. 
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