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Abstract:

In (1], we studied the effect of the spectrum of Laplacian acting on 2-forms of a
Riemannian manifold. Now we consider complex Kihlerian manifolds as a space. We get
the result that a K#hlerian manifold, whose spectrum of 2-forms is equal to that of the
complex projective space, must be the complex projective space under the condition that

its complex dimension runs 3, 4, 7~94.

1. Introduction and statement of result. By Specr (M, g) we denote the
sequence of eigen—values of the Laplacian acting on p-forms of a Riemannian manifold
(M,9). In (1], we studied the effect of Spec? (M, ¢g) of Riemannian manifold (M, ¢).
There are several studies about the relations between the spectrum Spec® (M, g, J) or
Spect (M, g, J) and the curvature of Kihlerian manifold (M, g, J). Let n be the complex

dimension of M and m be the real dimension of M, i.e. m = 2n,

THEOREM A. (S.TanNno [4)) Let (M, g, J) be a compact connected Kihlerian
manifold, m = 2n < 12. Let (CP"(H), ¢, Jo) be a complex n-dimensional projective
space with the Fubini-Study metric of constant holomorphic sectional curvature H.

If Speco (M, g,J) = Spec® (CP*(H), go,Jo), then (M, g,J) is holomorphically isometric
to (CP"(H), Go, o).

TureOREM B. (S.Tanno [57]) Let (M, g,J) and (M',¢',J") be compact connected
Kihlerian manifolds with Spect (M, g, J) = Spect (M', g', J").

For 16 < m = real dim. M < 102, (M, ¢, J) is of constant holomorphic sectional
curvature H, if and only if (M’, ¢/, J') is of constant holomorphic sectional curvature H'

= H.

In this paper we study the effect of Spec? (M, g,J) of a Kihlerian manifold (M.g,J).

The results obtained are following
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THEOREM. . Let (M, g, J) and (M’, ¢', J') be compact connected K ahlerian mani folds.
We assume that Spec*(M, g, J) = Spect (M', ¢, J") holds good. Then, for m (= real dim. M)
=6,8 or 14~188, (M, g, J) is of constant holomorphic sectional curvature H if and only if
', g', J) is of constant holomorphic sectional curvatue H' = H.

COROLLARY. The complex projective space (CP™, go, Jo) with the Fubini-Study
metric, n = 3,4 or 7 ~ 94, 1is completely characterized by the spectrum of the Laplacian
acting on 2-forms.

2. Preliminaries. Let (M, g, J) be a Kihlerian manifold with almost complex
» structure tensor J and Kéhlerian metric tensor g. They satisfy
.1 Ji; Jiy = — 0% and 915 Jtr Js = gps

By R = (Ru), 0 = (pr) = (Ryu) and 7, we denote the Riemannian curvature tensor,

the Ricci curvature tensor and the scalar curvature, respectively.

A Kahlerian manifold (M, g,J), m = 4 is of constant holomorphic sectional curvature
H, if and only if

H
2.2 R, = 4 g — 99 + Judy — e — 2T 5d%1)

holds. Then pj and 7 are given by

(2.3)  op = &412_ Hyp . = W q

The Bochner curvature tensor B= (Bij.), Bijw = ¢1,B'ju, is given by (cf. (3])

1
.40 Biju = Riju — m+ 4 Coingu — 0uge + gibu — Gubix

+ 0T — 05Tl + Tppidre — Jjpid7

. — 20670y — 205,07 J) + m—w (Gingi — 9iGux

+ Jfk’l;l - J:N’I;ik - 2sz'rij) T
B (g) = |B]F = < B, B> is given by (cf. (3))

16

2.5) B(g)=|RI2—_,m__“‘_‘4—IPJZ+(m+—2)8(mwrz.

@2.6) G(g)=loP — mL 2.

A Kihlerian manifold (M, g, J) is of constant holomorphic sectional curvature if and
only if B (g) = 0and G (g) = 0.
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3. Proof of the theorem. We use the same notation in (1. -
3.1 Spece (M, g9,J)= {0 ZAip=2Aep=Agp= -t = App = cereeee 4 —oo}

We use the Minakshisundaram-Pleijel-Gaffney’s asymptotic expansion
(3.2) 2 exp (Ai,st) lsoa Ur) T (Bop + Gupb + Gppl? A eeeeeeeeeeees ).
t

k=1

It may be noticed that instead of Spect (M,g,J) we use olny Gk, for k = 0,1,2. Go,p, G1,p
and @,, in (3.2) were calculated by V.K.Patodi [2].

(3.3) e = (WZL)‘fMdM

m? — 13m + 24

@G.49 Gz =) 12 dM
and
(3.5) @ =[G + C:(m2) [oF + Cs(m,2) | RE) M
where ~
m2 — 25m + 120
(3-6) ("71 (mviz) = 144
_ —m2 4 181m — 1080
@a3.7 C; (m, 2) = 360
and
__m? —31m + 240
(3.8) Cs(m,2) = 360

REMARK Spect (M gJ) = Spect (M', ¢', J') implies
(i) m=m

(ii) volume of M = volume of M'.

By (2.5) and (2.6), | R[? and | p |2 are written by B(g), G(g) and 7% and we get

(B9 @ =[5 € (D) + Gim32) , ,i%ngﬁzz)) J 72+ Cy(m,2)B(g)

16

+ (C(m,2) + 7

Cs(m,2)] G(g)} dM

We denote the coefficients of 72 and G(g) by ¥(m) and O(m) respectively, i. e.

(3.10) 0(m) = C:(m,2) + —or Cs(m,2)
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GAD T = Ci(m2) + o G:(m2) + s Ci(m ).

Then the following (3.12) is directly derived from (3.6), (3.7), (3.8), (3.10) and

@G.1D
0 (m) = = (— m? + 193m* — 852m — 480)
360
(3.12)
Y(m) = 7;5 (5mt — 117m® + 724m* — 732m — 480)
* From (3.1) ~ (3.5) the condition Spec? (M, g, J) = Spect (M', ¢', J") implies

(.13 fyan = [yar

G fyras = [y cam

and

(3.15) [ 3(CiCm, 2 BCg) + 0(m) G(g) + ¥ (m)?) dM

= [ 3G n.2) B + 0.@m) G o) + ¥ (m)e) aM’

Now we assume that (M, ¢, J) is of constant holomrphic sectional curvature. Then
B (g) = G (¢9) = 0 hold on M and t is constant on M. Therefore by (3.15), we get

(3160 [ 37/(Cm2) B@)+0Cm) G@Y) IM'=F (my ([ bt — [ 1 <,

By using the Schwarz’s inequality for 7/, we get

‘ C | 4y’ dBT2
(3.17) fM/TIZ dM/ ; fi_—
fM, am’

where the equality holds if and only if 7’ is constant on M’. On the other hand, by (3.13),
(3.14) and the fact that 7t is constant on M, the right-hand side of (3.17) is er2 dM.
So we get the inequality

(318  [yrrar— [y am <o

where the equality holds if and only if 7/ is constant and equal to 7 .
Therefore B (¢) = 0, @G (¢)=0 and 7/ = constant ( = 7) hold for m such that
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(3.19) m = 2n = 4, Cs(m,2) > 0, O(m) > 0 and ¥(m) = 0.

We see easily that m which satisfies (3.19) runs 6,8 or 14 ~ 188. B(¢") = 0 and
G(¢) = 0 hold simultaneously if and only if (M’, ¢/, J') is of constant holomorphic

sectional curvature. Thus the theorem is completely proved.
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