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Abstract

    The purpose of this work is to investigate the relation between perturbative calculation and non-perturbative 

physics in quantum theory. For this purpose, we calculate multi-instanton amplitudes in Sine-Gordon quantum 

mechanics by integrating out quasi-moduli parameters corresponding to separations of instantons and anti-

instantons. We propose a proper extension of the prescription of Bogomolny and Zinn-Justin for multi-instanton 

configurations and the appropriate subtraction scheme. We obtain the multi-instanton contributions to the energy 

eigenvalue of the lowest band at the zeroth order of the coupling constant. For those with both instantons and 

anti-instantons, we obtain results with imaginary and ambiguous parts depending on the path of analytic 

continuation. We show that the imaginary parts of multi-instanton amplitudes precisely cancel the imaginary 

parts of the Borel resummation of the perturbation series. This result supports the conjectured resurgence 

structure, in which the combination of perturbative and instanton calculations could lead to a novel definition of 

the quantum theories including quantum field theory. 
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量子論における摂動展開と非摂動量子効果の不思議な関係
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２. 問題の背景

2. 1　量子力学における摂動論
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2
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−R���������������(20)
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⌃P ⌃*⌃Ø%;⌦¿�@÷;"⇡/DI✓q
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∞
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⇤ II Ī ⌦B^.⇢Q�"fib⇠⇤›fi(fl‡�
�;⇤êÖL.⇤Ñ⌦⌧�á%¥µ"5&(20)%¿�
qr⌃⌥sO✓y.�./⇢‡"⇡/0�D%m6L
ˇ�⇤⌧�2E%¨«≈⌦⇧⌃P ⌃*⌃�·%ÕŒ
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I⌦”Á,-/0�ϵ→0"fl˘/2I 1/ ϵ%2✓Ü
�œO⌧�‰⇢K⇠'Q� λ≪1"⌃¥✓A‡/I⌧�
éŸIdeOfN◊%ŒP⇤/0%�⇠P˘ç-
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[ I Ī ] = −( e
−S I

√πλ )
2

[(γ+log
2
λ )±iπ] (22)

Δ E0

(1,1) = ( e
−S I

√πλ )
2

[(γ+log
2
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γ=0.5772...⇤Ë⇧}N—„PÈANM~�"⇡
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ç�~°®I.6("⇡Æ∂∑⇠<Ów/⌥⇧v
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. 

2. 4　場の量子論でのResurgence展開の可能性
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U⇧⌃P ⌃*⌃⌦��⇡/m6L€�%∞ı"
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ResurgenceB9 (12)IJK-, Õ%9:⌘✓K⇠'
BC5�$⇤⇧v⌘Öçıˆ⇠~Ëw/Ù⇢L˚
:I��#⌫,-�./ (13) (14)(15)(16)(17)(18)

. 

�↵1, double-well9:;4⇤Õ%9:⌘⇠π-/
⇡Æ !IŸL�2E%⇠'⇡Æ⌦ÅÇw/%:"
⇡/. m�Õ%9:⌘% !⇠B.9:;4FI�
�Sine-Gordon "9:;4⌦⇡/. D-⇤ sin
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3. Sine-Gordon 量子力学における不定性相殺

3. 1　複数インスタントン配位とモジュライ積分
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-K R=τ I−τ Ī IL/. „⇧’PºΩ⇤⇧⌃P 
⌃*⌃—U⇧⌃P ⌃*⌃ [ I Ī ]%ÕŒR÷;S, 
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⌦E$. DD"⇤BCI��=⌥„⇧⌃P ⌃*⌃
Ø%ÿ¿�}⇧z{%:✓@˘/⌦, ⇤,%ŒP⇤
⌥ê⇠&,.DI⌦NÉ/. 

3. 2　1インスタントン−1反インスタントン

�‰Ñ, =5œ–L⌦⇧⌃P ⌃*⌃-⌦U⇧⌃P
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3. 3　2インスタントン−1反インスタントン
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-⇤£‰"y.ç-⇢DI%L.vw"BZJï1"
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[ II Ī ]

e
i θ ξ3

= ∫
0

∞
exp [−

2

λ
e
−R

1−
2

−λ̃
e
−R

2−ϵ(R1+R2)]

dR1dR2

(37)

DD"ˇ�IL/%⇤, 1/ ϵ%2✓Ü�œ$ÖÜ
⇠mF�7 ⌦ŸL/I.6DI"⇡/ . ÷;%ÿ
¿�}⇧z{%∏c✓T⇠Ü�œ$ÕŒR&(38)S
Iá%Ä%ÕŒR&(39)S%7 ✓/0⇠Nw. 

F 1(λ)=( λ2 )
ϵ

Γ (ϵ)[(−λ̃
2 )

ϵ

Γ (ϵ)−
1
ϵ ]

→
3

2
(γ+log 2λ )

2

−
5

12
π2±2iπ(γ+log 2λ )

(38)

F 2(λ )=(−λ̃
2 )

ϵ

Γ (ϵ)[( λ2 )
ϵ

Γ(ϵ)−
1
ϵ ]

→
3

2
(γ+log 2λ )

2

+
1

12
π2±iπ(γ+log 2λ )

(39)

2µ⌫⇠∑/IDù" −λ=e∓i π λ%≈`„ì✓µ
., λ̃ →λI��7Œ~�✓~%q&⇠≈�, ,ç
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[ II Ī ]

e
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2

=
3

2
(γ+log 2λ )

2

−π2
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3
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9
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e
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2
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4
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(41)
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®�~✏
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6
π q! (log 2 +
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ℑ[B(λ )] = ±6ei θ
e
−3SI

√λ3π
(γ+log 2λ )                (42)

✓�◆w/ŒP"⇡/. D%m6⇠Sine-Gordon9
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well9:;4%ÕŒI��, I Ī g⌅✓Ü�œ.⇢
ÛÙ⇠àV/⇧v⌃¥Öç⌘✓/�~✏✓�◆w
/, I.67 ⌦¡ç-/. 

3. 4　2インスタントン−2反インスタントン

�D%ÕŒ⇠5Ü/•Oï1⇤=ˆI�✓"⇡/ . 

⇢Ò, $%L✏⇣%�⌦6è�I#$, á-o-⇠�
�vw"BZJï1✓µ6ú˙⌦⇡/RM10|}S. 

‰Ñ [ I I Ī Ī ]I [ Ī Ī I I ]⇠à.�⇤2E%‚;ÿ
¿�}⇧, 1E%÷;ÿ¿�}⇧⌦ÅÇ�, 1/ ϵ%∏
c2✓3⌫G"Ü�œ$ú˙⌦⇡/. =ˆI��, Ê
%Ö⌃" 1/ ϵ✓Ü�œ$Ö⇠mF�£⇠⇤3è�%
ŸL/7 ⌦¡ç-/. ⇡˛L⌃¥⌦ì$⇢‡⇢y
%�Œ3◊⌧⇤�$⌦, á-ç%3E%7 %x
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✓Ü/DI"/0%éŸ⌦fl‰/.

[ I I Ī Ī ]ξ−4=[ Ī Ī I I ]ξ−4
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8

3
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2

λ )
3

+π2

3
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2

λ )+1

6
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+π2
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(43)
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logΓ( z)/dz3
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2
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3
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ψ(2)(1)

∓iπ[16

3
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2
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2

−
7π2

18 ]
(44)

"P˘ç-/ . [ I Ī I Ī ]I [ Ī I Ī I ]%ÿ¿�}⇧
⇤€�÷;"⇡�, D%ÕŒx✓Ü/ú˙⇤L$
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8
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2
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3

+
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3
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2
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6
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2
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2

−
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=ö@⇠D-ç6E%✏⇣Öç%éŸ%�✓Ü�º
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Δ E 0
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(46)
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3. 5 　 3インスタントン− 1反インスタントン
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3. 6　n インスタントン−m 反インスタントン

　↵�%n⇧⌃P ⌃*⌃−mU⇧⌃P ⌃*⌃%
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